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We study the transport properties of a quantum wire, described by the Tomonaga-Luttinger 
model, in the presence of a backscattering potential provided by several extended time-dependent 
impurities (barriers). Employing the Biittiker-Landauer approach, we first consider the scattering 
of noninteracting electrons {g = 1) by a rectangular-like barrier and find an exact solution for 
the backscattering current, as well as a perturbative solution for a weak static potential with an 
arbitrary shape. We then include electron-electron interactions and use the Keldysh formalism 
combined with the bosonization technique to study oscillating extended barriers. We show that the 
backscattering current off time-dependent impurities can be expressed in terms of the current for 
the corresponding static barrier. Then we determine the backscattering current for a static extended 
potential, which, in the limit of noninteracting electrons {g ~ 1), coincides with the result obtained 
using the Biittiker-Landauer formalism. In particular, we find that the conductance can be increased 
beyond its quantized value in the whole range of repulsive interactions < g < 1 already in the case 
of a single oscillating extended impurity, in contrast to the case of a point-like impurity, where this 
phenomenon occurs only for Q < g < 1/2. 

PACS numbers: 



I. INTRODUCTION 

The electronic transport in mesoscopic systems has 
been intensively studied during the last decadesj^*^ The 
conductance of mesoscopic wires is usually computed us- 
ing the Biittiker-Landauer formalismj^ which accounts 
for the quantum mechanical nature of transmission and 
reflection through impurities and works well for Fermi 
liquids. 

Recent advances in nanotechnology, together with the 
discovery of carbon nanotubes^ have enabled the fabri- 
cation of extremely narrow wires, which are basically one- 
dimensional. Because the electron-electron interactions 
become essential in ID, these quantum wires exhibit Lut- 
tinger liquid behavior, i.e., they have bosonic collective 
excitations, instead of the usual fermionic quasi-particles 
present in conventional Fermi liquids 

The role played by impurities in a Luttinger liquid de- 
pends crucially on the nature of the interactions. In path- 
breaking papers, Kane and Fisheii^ showed that the im- 
purity barrier is irrelevant if the electrons have attractive 
interactions {g > 1), but it cuts the wire into two pieces if 
they interact repulsively {g < 1). For the noninteracting 
case {g = 1) the barrier is a marginal perturbation, i.e., 
one can have both, transmission and reflection. 

For the case of two barriers, contrarily to the expec- 
tation, it is possible to have transmission even in the 
presence of repulsive interactions {g < 1) because quasi- 
bound-states can form between the barriers, which lead 
to resonant transmission i^i 

The vast majority of cases discussed in the literature 
concerning transport in Luttinger liquids involve static 
point-like impurity barriers. Recently, the case of dy- 



namical point-like impurities was addressedpiSiii*iSii2ii4 
Feldman and Gefeni^ have shown that in the presence of 
one impurity oscillating with frequency fl, the backscat- 
tering current may change sign and the conductance of a 
single-mode Luttinger liquid with strong repulsive inter- 
actions (g < 1/2) may become larger than the quantum 
of conductance Go = e'^/h. We have generalized their 
results and shown that in the presence of several impu- 
rities this phenomenon occurs even for 1/2 < g < Im^ 
In fact, we have found that the dc-current can always 
be expressed in terms of the backscattering current off a 
static impurity. The effect of the impurity frequency fl is 
solely to split the energy modes into ujo + fl and ojQ — n, 
where cuq = eV/h denotes the Josephson frequency, asso- 
ciated with the external voltage V. Hence, within flrst 
order perturbation theory, several point-like impurities 
oscillating in phase may lead to an increase of the con- 
ductance, in a certain range of parameters, but in the 
entire regime of repulsive interactions < g < 1^ 

After having understood the role of time- dependent 
point-like impurities, the remaining task is to investigate 
transport through extended time- dependent impuritiesii^ 
This is precisely the aim of this paper. The coherent 
transport properties of multimode quantum channels in 
the presence of Gaussian-Hke scatterers was considered 
recently!^ In addition, the tunnehng current between two 
counterpropagating edge modes described by chiral Lut- 
tinger liquids was calculated for the case when tunneling 
takes place along an extended regionjii 

In this work we evaluate the backscattering current off 
several time- dependent extended impurities in an other- 
wise perfect Luttinger liquid, in the presence of repulsive 
electron-electron interactions. We start in Section II with 
a single static extended impurity in the noninteracting 
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limit {g = 1), which can be solved using the Biittiker- 
Landauer formalism ifi and then we generalize the results 
for the case of an arbitrary static potential. In Section 
III we include interactions among the electrons and study 
the problem using the Keldysh formalism. Within first 
order perturbation theory, we first derive a general ex- 
pression for the backscattering current in the presence 
of several time-dependent extended impurities and then 
we concentrate on a typical example, namely, the case 
of one impurity, to illustrate the main results. Finally, 
we compare our findings obtained within perturbation 
theory in the limit of noninteracting electrons {g — 1) 
with the exact results derived in the framework of the 
Biittiker-Landauer formalism and show a perfect agree- 
ment between them. Our conclusions are presented in 
Section IV. 



II. NON-INTERACTING ELECTRONS {g = 1) 
IN AN EXTENDED BACKSCATTERING 
POTENTIAL 

A. The Model 

We start by studying the simplest case, namely, non- 
interacting electrons in ID in the presence of a backscat- 
tering potential. The Hamiltonian of the model reads 



H = Hq + Hi, 



where 



Ho = -ihvF I dx{ipl^dx^B. - i^LdxipL), (1) 



Hi, 



Here ipR/L are fermionic fields corresponding to the 
right/left moving electrons and W{x,t) stands for the 
backscattering potential. We also further set the Planck 
constant h — 1 and the Fermi velocity vp — 1. The 
equations of motion then read 



{dt + dx)^R + iW{x,t)iPL - 0, 
idt-dx)^L+iW{x,t)ibR = 0. 



(2) 



For a static backscattering potential, W{x,t) = W{x), 
the solutions of the above equations of motion have a sta- 
tionary form, i^H/L{x,t) = '0fl/L(2;)e~*"*. The fermionic 
fields ipji/L then obey the following equation of motion 



where we introduced a "spinor" notation 



(3) 



(4) 



In the following we concentrate on some particular ex- 
amples for which an analytical solution can be obtained. 



B. Single static rectangular-like barrier 

Let us begin by considering a static rectangular-like 
potential barrier of width L and height W , 



W{x) = W[Q{x + L/2) - e(x - L/2)], 



(5) 



where 6 (a;) is the Heavyside theta-function. The solution 
of the stationary equation of motion ijSl may be sought 
in the form 



(6) 



Substitution of the ansatz ^ into the equations of mo- 
tion (EJ yields 



_ W{xl 



(7) 



with u)'^ = [W{x)]'^ + k^. We now consider the region 
[—L/2, L/2] and require both functions and ^r{x) 

to be continuous at the points x = ±L/2. For the point 
X — —L/2 we have 

i^Ri-L/2) = V^e-'=^/2 + ^Vie^'=^/2, (8) 

LU + k 



M'L/2) 



W 

LU + k 



where k — \^uj^ — W^, and for the point x = L/2 the 
expressions are similar. Introducing the matrices 



and 



B 



P = 



w 



JkL/2 



Lj-\-k 







(9) 



(10) 



the continuity conditions can be written in a simple form 

il){~L/2) = BPV°, '4>{L/2) = BPV°- (11) 

The above equations then yield 

7/;(L/2) = M?A(-i/2), M = BP^B-^, (12) 

where M is the transmission matrix, which gives the 
transformation from the states on the left of the barrier, 
4'r/l{—L/2), to the states on the right of the barrier 

i^R/dL/2), 

_ ( cos(fcL) -I- if sin(fcL) -i^ sin(fcL) \ 
~ i'^ sin{kL) cos(fcL) - if sin(fcL) ) ' 

(13) 

Let us observe that M^a^M = 0-3, and therefore t/'V' is a 
constant, where '0 = V'^o's is the Dirac conjugate. This is 
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a consequence of charge conservation and holds for any 
transmission matrix, since an arbitrary backscattering 
potential can always be represented as a set of (infinitely 
narrow) rectangular potentials with different amplitudes. 
Therefore, the transmission matrix M G SU(1, 1) can be 
always written in the form 



M ^ 



s r 

r s* 



(14) 



A more elegant derivation of Eq. ifT^jl using results of 
the Lie group theory is presented in the Appendix. The 
transmission matrix given by Eq. Ijl4|l is related to the 
scattering matrix, S, which gives the transformation from 
the incoming modes V'fi(— i/2), V'l(-^/2) to the outgoing 
modes '4'r{L/2),^l{—L/2). In terms of the transmission 
matrix elements, the latter reads 



S 



ll\s\ r*/\s\ 
~rl\s\ ll\s\ 



(15) 



Let us now calculate the transmission coefficient for 
the right moving particles using Eq. lfT2ll . In that case, 
we have 



M-Lm ) 



(16) 



with the transmission matrix M given by Eq. (jl3ll . The 
transmission coefficient may be then promptly found 
from the previous equation 



^fl(i/2) 



1 



1 



1 



(17) 



Using the explicit form of the transmission matrix, given 
by Eq. jnj, we obtain for cj^ > W"^ 



T{co) = 



and for < W'^ 



T{u) = 



-\ -1 



sinh2(v/iy2T^L) 



(18) 



(19) 



An analogous calculation shows that the transmission co- 
efficient for the left moving particles is the same as for 
the right moving ones. We can now find the backscat- 
tering current using the Landauer formula!^ and choosing 
the left and right reservoirs to be symmetric. We use the 
subscript "st" to denote the backscattering current off a 
static impurity to distinguish it from the backscattering 
current originating from time- dependent barriers, which 
is considered in the next section. The current then reads 



/OO T 
^^[n»-n^(c^)][r(c.)-l], 



(20) 



where n^'/^{Lo) are the occupation numbers of the 
right /left movers, given by the Fermi distribution func- 
tion 



1 



g/3(LJ-CJj7=FLJo/2) _|_ \ ' 



(21) 



Here, ujq = eV is the Josephson frequency related to the 
applied bias voltage V and is the Fermi energy (recall 
that h=l). We have to distinguish the two cases given 
by Eqs. itlH and ltT!?|l . since if < W'^ the momentum 
k becomes imaginary and transport occurs then only via 
tunnelling. In other words, the presence of backscattering 
opens a gap in the energy spectrum of the fermions from 
LUF-W to UJF + W. Substituting Eq. ^ into Eq. ^ 
and keeping only the lowest order terms in W, we find 
the "static" backscattering current 

eW^ f°° , sin^(wL), , r, 
27r uj^ 

At zero temperature (T — 0) and top = the above 
expression simplifies to 



1st 



2eW^L 



2 r pLwa 



dy 



sin^(?//2) 

y2 



(23) 



The backscattering currents at a finite and zero tem- 
perature, given by Eqs. ll22|l and lf23jl . are plotted, re- 
spectively, in the upper and the lower panel of Fig. 1. 
In both cases the current 1st is represented in units of 
eW^L and the Josephson frequency is in units of 1/L. 
Inspection of Fig. 1 shows that in the region Lojq < 2, 
the current 1st for scattering off an extended impurity 
(solid line) is almost indistinguishable from the backscat- 
tering current of a point-like impurity represented by a 
barrier W{x) = WL5{x) (dashed line). However, in the 
region Lujq > 2 the difference becomes drastic, since the 
backscattering current off a point-like impurity continues 
to decrease linearly, whereas for the extended impurity, 
the current saturates at the value lbs — —eW'^L/2. 



C. Arbitrary static potential 

Let us now consider noninteracting electrons backscat- 
tered off a static potential W{x) localized in the interval 
< a; < y with the corresponding transmission matrix 
M{y). In order to find the dependence of the transmis- 
sion matrix on the scattering potential, let us add to 
the existing barrier an infinitesimally thin part with the 
height W{y + dy). In this case the transmission ma- 
trix at the point y -\- dy \& M{y + dy) = M{y) -\- dM, 
where dM = iTMdy (see Appendix). After performing 
a matrix multiplication, we find the following differential 
equations 



ds = i[ujs — W{y)r]dy, 
dr = i[W(jj)s — ujr]dy. 



(24) 
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Figure 1: (color online) lat versus tJo for noninteracting elec- 
trons {g — 1) in the presence of a point-like (dashed line) or 
an extended impurity (solid line). The asymptotic behavior 
for the latter, Ist{u) oo) —1/2, is represented by dotted 
lines. The current is plotted in units of eW^L and the fre- 
quency is in units of l/L. Upper panel: T = 1; lower panel: 
T = 0. 



If the potential is weak, W{y) ^ uj, then to the low- 
est order in perturbation expansion r — 0{W/u}). After 
neglecting terms 0{r^), we obtain 



dr{y) = t[W{y)^^y - u;r{y)]dy. 



(25) 



This is a linear inhomogeneous differential equation of 
the first order with solution of the form 



(26) 



r{y) = ie-'^^y / dxW{x)e' 
Jo 

Then, it follows straightforwardly that 



dxi dx2W{xi)W{x2)cos[2Lu{xi- X2)]. (27) 



On the other hand, since |rp <C 1, the transmission co- 
efficient becomes 



r(a;) - 1 



1 



1+ r 



1 



(28) 



and the backscattering current at finite temperatures 
then reads 



1st 



duj , 
2^ 



|r|^K(w)-n^(w)]. (29) 



Consequently, we find that 

6^ 



6W{xi)SW{x2 



-I. 



st\W=Q 



(30) 



-e I — cos[2lo{xi — X2)][n^{w) — (to)]. 



Since 



dycosiy)[n-iy/2l)-n^iy/2l)] = ^^n(.oO cos (2^.0 ^ 
, sinn(z7rJ t ) 



we eventually obtain that 



SW{xi)SW{x2) 

^cos[2ti;i?(a;i — X2)] sin[wo(a^i — ^2)] 



(31) 



-2eT- 



sinh[2T7r(a;i — X2)] 



As we will see later, Eq. l|3T|l will allow us to con- 
nect the results obtained within perturbation theory in 
the bosonization formalism with the ones derived in the 
framework of the Biittiker-Landauer approach, for an ar- 
bitrary (but weak) extended impurity barrier, in the limit 
of noninteracting electrons {g — 1). 



III. INTERACTING ELECTRONS 

A. Several time-dependent extended impurities 

In this section we consider a one-dimensional quantum 
wire with spinless interacting electrons backscattered by 
a time- dependent potential W{x,t). The Hamiltonian 
of the model, including the electron-electron interaction, 
read9i2ii£*i£ 

H = Jdx {-ti^P^j^d^^R - ^idM + Ui^bR^B. + A'^L? 

W{x,t) ij[i;Re''^°'+'^'"''' + H.c. }, (32) 

where U is the interaction strength. In the next step, 
we consider a discretized backscattering potential W{x,t) 
composed of several point-like time-dependent impurities 
located at positions Xp, p — 1, N , such that 



A; 



N 

lim y^W{xp,t)Axp ^ W{x,t)d2 
p=i 



(33) 



We now use the bosonization technique, which re- 
lates the fermionic fields, i^r/l, with the correspond- 
ing bosonic fields, $_r/l, through '(pR/L = ar?e**^*«/^. 
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Here, a is a no rmalization factor, is a fermionic opera- 
tor, and g = ^Jtt/It: + 2U) (recall vp = 1) is the coupling 
constant in the bosonic theory. The action corresponding 
to the Hamiltonian (jSU then reada^^i^^ii^i"i^°i^i 



S = 



dtdx { — [{dt^) 



(34) 



- ^&{x- Xp)Vp{t) (^e'VaHt■x,)^^u.ot _^ ^ I ^ 
p J 

where Vp{t) = W{xp,t)e^'^^'"^^ l^Xpjl-n and $ = $r + $l. 
Using the approach developed in Refs. 0| and we 
find that, to the lowest order in V , the backscattering 
current reads 



Ibs{ujQ,t) = C 



dr sa\{uJoT)V^ {t - T)Vj{t) 

\x^-x,\ \t'^ -{Xk-XjY\9 



-H.c. 



(35) 

where C — —2esm{TTg). The most general case should 
involve a spatially varying impurity potential, with an 
arbitrary shape. In order to account for this more gen- 
eral situation, we take the continuum limit in Eq. Ij35|l 
by setting the number of impurities N ^ oo and the dis- 
tance between the impurities Axp 0. Eq. ll35|l then 
acquires the form 

sin(7rg) 

hs{i^a,t) = -e 5 — 



dxidx2 I dr 

\xi-X2\ 



sin(ct;o''') cos[2fci^(a;i — X2)]W{xi,t — T)W{x2,t) 
|r2-(a;i-a;2)2|9 ' 



(36) 



Eq. Ij36ll is a very important result of our paper because 
it allows us to evaluate the backscattering current for any 
set of time-dependent extended impurities, described by 
any arbitrary function W{x,t). 

We can progress further in the analytical calculation 
of some specific examples by introducing a simplifying 
assumption, namely, that the impurity potential is a pe- 
riodic function of time, W{x,t) — W (x) cos{i}t) . We 
have shown in Ref. [Tj that the dc component of the 
backscattering current generated by a set of dynami- 
cal point-like impurities oscillating with a frequency fl 
can be expressed, in first order of perturbation theory, in 
terms of the dc current for a set of quasi-static impurities 
(wo > > i/Tmeas, with Tmeas being the measuring or 
the relaxation time), 

Idc = ^ [Iqst + Iqst (37) 
or static impurities {I /Tmeas ^ ^) 



he = -^[Isti^O + ^)+ Isti^Q - f^)], 



(38) 



with 



/st(wo) ^ ~^ J J dxidx2W{xi)W{x2) 
cos[2kF{xi - X2)]Hg{ujo, \xi - X2\,T = 0). 



(39) 



The function Hg is defined as 



u t rr. - sin(7r.g) 
Hg{uj,x,T = 0) = — 



\x\ 



sin(u;r) 
dr , „ ^ /, (40) 



and after explicit evaluation it reads 

Jg-l/2{xi^) 



Hg{uj, x,T ^0) ^ sgn(Lj) 



2i/2+5^r(g) 



S-1/2 



(41) 

where Jq(x) are Bessel functions of the first kind and 
T{g) is the gamma function. 

This result may be readily generalized for the situation 
where a phase shift of the form W{x, t) = W{x) cos(ilt -f 
2Kx) is present along an extended impurity. Then we 
can again write the dc component of the current as 

Idc = '^[Ist,kp+K{l^O + 51) + Ist,kp-K{l^O - fl)], (42) 

where the channels + ^ and luq — Q. have an "effective" 
Fermi level at the momentum kp + K and kp — K, re- 
spectively. This means that it is possible to decrease the 
"effective" Fermi momentum for the tuo — n channel. For 
simplicity we assume if = in the following. 

We discussed until now the T — case. When the 
temperature is nonzero, the Green's function is modified 
by a conformal transformatior^ 



.2 19 



I sinh[7rT'(7 



I sinh[7rT(i 



' ' (7rr)29 

Consequently, the function Hg acquires the form 
r°° dr sin(7r5) sin(wT)r297r29-2 

l\x\ 



(43) 



Hg{uj,x,T) = 



I sinh[7rr(r - x)] sinh[7rr(r + x)]\3 

(44) 

It is worth noting here that the function /^((tJo), de- 
fined by Eq. (I39|l . can be represented as a product of a 
dimensional factor (which actually becomes dimensional 
only after including the cutoff of the model) and a func- 
tion of dimensionless variables. The dimensionless part 
remains invariant with scaling 



0^0 
W 



w' = wc, 



X - 
T 



x = .t/C, 
> T' = TC, 



(45) 



whereas the currents 1st and Idc scale as the dimensional 
factor 

1st I't 

I'jW'ix')]U,T') = C'3-'lst[Wix)]iu.o,T). (46) 

These equations set the relation between currents cor- 
responding to different potentials, which have the same 
shape but a different length parameter. For example, all 
rectangular-like potentials have the same backscattering 
current dependence up to the scaling l(l5|l . This leads 
us to the conclusion that it is enough to consider some 
potential with a fixed length parameter to obtain the 
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Figure 2: (color online) Dimensionless "static" current lat 
versus loq for kp = and W = L = 1. Upper panel: g < 1/2. 
Lower panel: g > 1/2. 



non-monotonic behavior may lead to an increase of the 
conductance, beyond the value Gq. 

Let us now discuss the dependence of the current on the 
value o{ kp- To demonstrate the influence of the Fermi 
momentum, kp^ on the backscattering current off a static 
impurity, we plot Igt versus the Josephson frequency for 
several values of the Fermi momentum in Fig. 3. It can be 




Figure 3: (color online) Dimensionless 1st versus u)o for g — 
0.7 and L = 1 

promptly observed that the qualitative features are the 
same for zero and flnite kp, the only effect of the latter 
is to shift the minimum of the curve to higher values of 

LUq. 

For future purposes it is worth noting that for the rect- 
angular potential with kp — the following relation holds 



backscattering current dependence for all potentials of 
the same form (in lowest order of perturbation theory) . 

In the case of a potential W{x) with a rectangular 
shape, the above integral Eq. simplifies to 



.L/2 .L/2 

Isti'^o) = —eW^ / / dxidx2COs[2kp{xi 

J-L/2 J-L/2 



-L/2 J-L/2 
Hg{ujQ, \xi - X2\,T). 



X2)] 



By changing the variables x = xi — X2 and y — xi + X2, 
one integration can be performed, finally yielding 

I,t{ijjQ) ^ -2eW'^ [ dx{L - x)cos{2kpx)Hg{uJo,x,T). 
Jo 

(47) 

In Fig. 2, the dimensionless current in the presence 
of a static impurity, given by Eq. l(T7jl . is plotted for 
kp — 0, W = L = 1, since, as it was argued before, we 
can fix the length of the barrier without loss of general- 
ity. The upper panel shows that for g < 1/2, 1st always 
increases, analogous to the case of a point-like impurity. 
On the other hand, for 5 > 1/2, a non-monotonic behav- 
ior of the current appears. As we will discuss later, this 



9L2 



Ist = -2eW^Hgiujo,L,T). 



(48) 



Eq. l|l8|l is a consequence of a more general relation, valid 
for an arbitrary static potential24 



st\W=0 



SW{xi)SW{x2) 
— 2ecos[2fci?(xi — X2)]Hg{LJo, \xi — X2I, T). 



B. Noninteracting electrons g = 1 within 
perturbation theory 

Now we can compare this result with the one obtained 
in Sec. II B using the Biittiker-Landauer formalism by 
taking the limit 5 — > 1 in Eq. Ij4fl|l . Defining /i(r) = 
sin(Li;T), /(r) = — x'^\, and 5 = 1 — e, we may use the 
formula 



y > X, 



(49) 
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which holds for a function / with the properties f{x) 
and f'{x) > 0, yielding 



Hi{ujo,x,T) = T— 



sin(ci;oa^) 
sinh(2r7ra;) ' 



In the case of a rectangular potential and kp = 
may substitute Eq. lf5(Hl into Eq. lUTjl to obtain 

Jq sinn(2i ttx) 

which, in the limit T — > 0, becomes 



/st(wo) = 



dx{L — x) 



sin(woa;) 



After 

_d_ 

dy 



integrating by parts and using 



J-[2sin2(y/2)] = sin(y), we find 



2eW^L 



sin^(;//2) 
ay 2 

y 



(50) 
0, we 

(51) 

(52) 
that 

(53) 



which exactly coincides with Eq. Ij23|l found in the pre- 
vious section. 

To demonstrate the equivalence between the results 
obtained using different approaches in the case of nonzero 
temperature, we note that the second derivative of the 
currents given by Eqs. Ij22|l and (15 111 actually coincide. 



1st 



2„ sin(tJoL) 



sinh(27rrL) 



(54) 



Therefore, these currents can only differ by a function 
F{L,ujo,T) = Ci{uJo,T)L + C2{uJo,T), with Ci and C2 
being arbitrary functions of their arguments. It follows 
from ^Ist{L = 0,oJo,T) = Ist{L = 0,ujo,T) = 0, that 
F{L, ujQ, T) = 0, and the currents given by Eqs. (l22ll and 
H51II are thus equal. The same arguments hold also for 
the case of an arbitrary potential and kp ^ 0, where 
the equations have similar form, only with the partial 
derivative replaced by the functional one, ^ 5w{x) ■ 



C. One oscillating extended impurity 

We can now fix the width of the impurity to be L = 1 
without loss of generality, since the other cases are ob- 
tained from the latter by the scaling relation (I45II . The 
function Ist{ijj) is odd, Ist{—uj) = —Ist{uj), because there 
is no ratchet effect present in the lowest order of pertur- 
bation expansioniS^ The current for the dynamical impu- 
rity Idc, according to Eq. Ij38|l . reads 

Idc = ^ [1st in + ujo)~ 1st (f^ ~ujo)]. (55) 

Since Isti^o) is always negative or zero for usq > 0, the 
function Idc is also negative if both ujo + fl and LUo — ^l are 
positive. To obtain a positive backscattering current it 




Figure 4: WminL versus g. 
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Figure 5: (color online) Idc versus ojo for g = 0.7. 



is therefore necessary to have SI > wo, i.e., the frequency 
of the impurity should be larger than the external bias 
frequency. Then for small loq 



1 



I'An)u;o 



(56) 



and therefore, the Idc current is positive if I'sti^) > 0, 
at least for small c^o. Let us begin by considering the 
current in the region 1/2 < g < 1. For a fixed value 
of the interaction parameter g within this region, the 
"static" current Isti^^o) continuously decreases from zero, 
for = 0, to a minimal value Ist{^min)^ and then in 
the remaining region it increases, see Fig. (01. Let us 
concentrate in the following on the example with kp = 0, 
which provides a lower bound for uJmin- The value of 
^miriL then depends only on the interaction strength g, 
and it changes monotonously from at g = 1/2 to 5 at 
g K, 0.95, but then diverges to -l-oo when 5 — > 1, see Fig. 

Therefore, for typical values of g, LUminL is of order 1. 
Note that the minimum is very sensitive to the impurity 
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length, and never achievable for the case of a point-like 
impurity (L ^ 0), for which /^((wo) is a monotonously 
decreasing function. Since in our case the backscattering 
current changes sign only when I'sti^) > 0) we have to 
choose fl > LOmin in order to obtain an increase of the 
dc current, see Eq. and Fig. I^l. Now, considering 
function of the applied voltage V for some fixed 
fl > uJmin, one finds that the dc current is positive in 
a region < loq < ujQ{n), see Fig. Q. Therefore, the 
effect of current enhancement in the region 1/2 < g < 1 
occurs only if the frequency of the impurity is larger than 
some minimal value ujmin, which depends on g. For the 
frequency fl > tOmin, the continuous function Idc is then 
positive within a region < ujq < ujq. 



IV. CONCLUSIONS 



it appears, which depends on the type of the barrier. In 
the case of a single point-like oscillating barrier it only 
occurs for strongly repulsive interactions 0<g<l/2(i^ 
whereas for two or more point-like barriers it may happen 
in the entire range of repulsive interactions < g < 1 if 
the barriers oscillate with the same frequency fifi^ On the 
other hand, if the barrier is extended, the phenomenon 
already appears for a single oscillating barrier in the en- 
tire region of the repulsive electron-electron interactions 
{0 < g < 1). The interval of voltage where the conduc- 
tance increases can be optimally chosen by adjusting the 
frequency of the oscillating barrier. 

In summary, we investigated the transport properties 
of a Luttinger liquid accounting for the most general case 
of scattering off extended time-dependent barriers and 
determined the values od parameters where the conduc- 
tance may increase beyond its quantized value. 



In this work we calculated the backscattering cur- 
rent off extended impurities in a Luttinger liquid. We 
started our analysis by considering noninteracting elec- 
trons ((7 = 1) scattered by a rectungular-Hke barrier of 
width L and height W. In this simplified case the prob- 
lem can be exactly solved using the Biittiker-Landauer 
formalism. We evaluate the backscattering current at 
finite and zero temperatures for the Fermi momentum 
kp = 0, and find that for small Josephson frequencies 
LiOo < 2 the result is almost indistinguishable from the 
backscattering current off a point-like impurity repre- 
sented by a barrier W{x) = WLS{x). In the region 
LujQ > 2 these currents differ considerably, since in the 
case of a point-like impurity the current decreases linearly 
whereas for the extended barrier it saturates at the value 
lbs = —eW'^L/2. We also calculated the backscattering 
current off a weak backscattering potential with an arbi- 
trary shape in lowest order of perturbation expansion. 

The effect of a time-dependent extended barrier, 
W{x,t), in the presence of repulsive electron-electron 
interactions was then considered. Using the bosoniza- 
tion technique combined with the Keldysh formaHsm, we 
showed that the backscattering current off dynamical im- 
purities can be expressed in terms of the backscattering 
current off static ones. It actually turns out that the only 
effect of the barrier oscillating with a frequency O is to 
split the conduction channel ojo into two channels, ujo±Q. 
We then evaluated the backscattering current off static 
barriers IgtioJo) and showed that it is a non-monotonic 
function of ojq, which for 1/2 < g < 1 has a minimum 
at UJmin- In addition, we observed that ujmin depends 
on the interaction strength and the parameter kpL, with 
kp ^ providing a lower bound for uJmin- Therefore, 
by choosing Q such that > ojmin, it may occur that 
the backscattering current changes sign and in a certain 
region of applied voltage < ujq < lVq the conductance 
will be greater than the quantum of conductance Gq. The 
phenomenon of the conductance enhancement may occur 
in the presence of oscillating impurities as well, but the 
main difference concerns the region of parameters where 
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Appendix A 

The matrix M for a single extended impurity can also 
be found in a different approach, using elements of the 
Lie group theory. Considering the extended impurity as 
a set of infinitely narrow impurities, the matrix M may 
be represented as an infinite product of the matrices cor- 
responding to the scattering by the individual impurities. 
The transmission matrix corresponding to a vanishingly 
narrow potential (Eq. ^ with L 0) is given by 

M ^ 1 + iTAL, (Al) 

where / is the 2x2 unity matrix, and AL ^ is the 
width of the impurity barrier. This means that Aip{x) = 
il){x+ AL /2)-il){x- AL /2) = iT V'(a;)AL, and the matrix 
T is obtained from the equations of motion ijSl , 

Therefore, we can write the transmission matrix as M = 
e"^"^ , where CTo are the Pauli matrices and = 0, = 
—iWAL, — ojAL. Since the backscattering potential 
W{x) is constant for ~L/2 < x < L/2, the transmission 
matrices of vanishingly narrow impurities commute with 
each other, which allows us to find parameters for a 
rectangular potential with a finite length L > in the 
form ^1 = 0, ^2 = -iWL, and S,^ = ujL. On the other 
hand, 

1^ ^sin(0 cos(e)-z^sin(e) j ' 



9 



where ^ = \/WF+WF+Wf- Therefore, ^ = kL 
and we obtain Eq. ifT^jl . 
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